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Introduction
Our understanding of nonlinear dynamics of deep water gravity waves has grown substantially in recent years. We feel that the lion's share of this progress should be attributed to the staff of the TRW Fluid Mechanics Department. Most of their findings are summarized in an extensive review article by Yuen & Lake. (1982) , which served as our main reference. Much of this progress is based on applications of the so-called Zakharov equation which was originally derived by Zakharov (1968) for infinitely deep water..
In order to extend the range of application we re-derive Zakharov's equation for finite water depth (in section 2) and show its relations to the cubic Schr-dinger equation and to Hasselmann's nonlinear interaction model (in section 3). It is generally accepted now that the Zakharov equation is superior to all other existing approximate models as far as Class I interactions are concerned.
The term 'Class I interactions' refers to nonlinear interaction processes at the lowest possible order; for surface gravity waves this occurs at third order in the nonlinearity parameter c. Generally speaking, Class I interactions reqL:ire the coexistence of resonating, or nearly -2 resonating, wave quartets. The time scale of Class I interactions is E P where P is a typical wave period.
The structure of the surface gravity wave dispersion relation does not enable nonlinear interaction at shorter time scales (c P) which occur in many other physical systems,(e.g., capillary waves).
While Class I interactions are basically four wave interactions, the special case where one of the waves is taken into account twice so that only three waves are considered, has attracted much attention. These cases which lead to what sometimes is called Benjamin-Feir instabilities, display many of the features of the more general quartet interaction. Interactions including a smaller number of waves -as two waves each taken into account twice, or one wave taken into account four times -are also possible, but display a degenerated type of interaction which manifests itself in Stokestype second order corrections of the frequency (see Longuet-Higgins and p.. ,7 I -2-Phillips 1962). Numerical linear stability analysisof the exact finite amplitude Stokes wave, by McLean (1982a,b) , as w.ell as experimental evidence -by Su et. al. (1982) and Su (1982) , reveal the importance of Class II interactions, which are basically quintet interactions. These, much less studied interactions, occur at fourth order in e and have a typical time scale of (-p. Nevertheless, for high enough steepnesses McLean's study shows that Class II instabilities become dominant. Here again, three waves -one of them is taken into account three times -form a nearly resonating quintet -nd display many interesting features. In the second half of section 2 we extend the derivation to fourth order and derive a modified form of the Zakharov equation which accounts for both Class I, and the higher order, Class II, interactions.
In section 4, we use this equation to study the linear stability of a uniform '. ve train. The solution of certain long line evolution problems is under way and will be reported at a later stage.
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where # is the velocity potential, Ti is the free surface, and g is the gra.vltatlonal acceleration. The horizontal coordinates are (x,x 2 ) -x, the vertical coordinate z is pointing upwards, h is the mean water depth, and t is the time.
The-free surface boundary conditions, Eq. (2.2),are rewritten in terms of *s and w s -(-) [zn the velocity potential and the vertical velocity component at the free surface, respectively
The horizontal Fourier transform of these equations yields
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where the two dimensional Fourier transform of a function f(x) is given by ; (k,z,t) $(k,t)ch(I k -,+h)), (2.6) which enables one to write o and w in terms of 4(k,t) and n(xt) as follows
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Inverting Eq. (2.8a) Iteratively, in order to obtain D s, and substituting the result Into Eq.(2.8b), yields 
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We assume that the wave field can be divided into a slowly varying (in time)
component B and small rapidly varying components B'. B", B"' and'that-most of the energy in the wave field is contained in B. These assumptions -ermit one to write
where c is a small parameter representing the magnitude of nonlinearity, and the slow time scales are defined by t 2 = C2t, t 3 = 3t. 
where we have introduced the compact notation in which the arguments k-in V, B, 6, w, and in other functions in the sequel, are replaced by subscripts i, with the subscript zero assigned to k. Integrating Eq. (2.14a) with respect to t and keeping t 2 , t 3 fixed, gives
The constant of integration, which corresponds to the initial phase, has been set to zero without loss of-generality.
3
Order cgives the following equation The first order free surface elevation is related to B through Eqs. (2.12a), (2.13), and is-given by
Equation (3.1) is the now well-known Zakharov equation, generalized for water of any constant depth. The fact that Eq. (3.1) is valid for finite depth * affects only the expressions for w(k) and T(2)(k,k 1 ,1 ,k 3 ), which become depth dependent.
The purpose of this section is to show the connections between the Zakharov equation and other model equations, as well as to check our depth dependent expression for T (2 ). Note that for hour equation for T (2) Eq (A.5c) gives the same result as does Appendix A of Crawford, et al. (1981) . This -result is different from that given in Yuen & Lake (1982) (even after correc-*.
tions of minor misprints). This apparent discrepancy is related to the special, almost-symmetric (with respect to 4 and k 3 ) structure of the Zakharov equation.
This structure allows some freedom in the choice of T ( 2 , i_ 2,_3)
can be replaced by ofTf(2) (kI',.k k3 ) + (I-) T(2)(kkl k3,12), with arbitrary a, without altering the value of the integral on the r.h.s. of Eq. (3.1). Any T (2) , obtained in some legitimate derivation can be made symmetric in .!,k 3 by choosing a = 0.5. This symmetric T (2 ), denoted by T, is a uniquely defined function of k,kl,k 2 ,k 3 and h and will be used in the sequel.
Relation to Hasselmann's energy transfer model
The energy transfer equation for a finite-depth gravity-wave spectrum, originally obtained in Hasselmann (1961) , was rederived by Herterich & Hasselmann
* -* . .-. One-tan show that the-Taylor series expansion of-T, to thelowest order in the spectral width, is given .by ), (3.11a,b) ., and Note'that for any finite depth and for Vj' l 0 0, j = 2, 3, the values of T II, T IV and that of the integrand in Eq. (3.11c) depend on angles ej, the "directions" of approach to the limit, where In the particular case where the water depth is shallow compared to the group length th(hIjj-plI) can be replaced by h.11-*lI and the set of equations given by Davey & Stewartson (1974) is recovered. For water of infinite depth, Stlassnie (1983) extended the analysis to one order higher in the spectral width, and rederived Dysthe (1979) set of equations. In what follows, we denote these 3 waves by the subscripts a, b, * and c. For anything exciting to happen, these 3 waves have to form a nearly resonating "quartet" for a class I interaction, and a nearly resonating "quintet" for a class II interaction, see'Eqs. :(2.18) and (2.21), respectively.
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To form a "quartet", or a "quintet", out of three waves, one can "count" one of the waves, ka, twice for class I interactions,-and three times for class II interactions. 
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One can assume that the initial amplitude of one of the waves, which is called "the carrier" and denoted by the subscript a, Is much larger than the amplitudes of the other two waves, denoted by b and c, to be called "the 
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Bc are retained, so that the carrier wave remains unaffected in this short time
•eTaaaa bal 2 t analysis, and is given by B a = b a e ba is assumed to be real without loss of generality.
Class I instabilities:
The wave numbers of the carrier and the disturbances are ke-k(1, 0) (4.3a)
k(l+p, q), kc ko(1-p;-q) (4.3b,c) 
.21 The stability boundary and maximum .growth rate for class II interactions are obtained from Eq. (4.8b).
Results
In Fig. 1 , we show the class I and class II instability regions (as shaded zones) for k 0 h -2. The solid lines represent the calculated results and the dashed curves are those of McLean (1982b, Figs. 2b and 2c) . In One can see that a certain similarity exists between class I and class II instability regions. Both can be regarded as consisting of two domains: a wider band at lower values of p and usually a much narrower region at higher values of p. The first region will be referred to as the main region, and the other as the secondary instability region. The qualitative difference between class I and class II instability regions is that for class I the two domains are usually disconnected while in the case of class II they are bound by a line of infinitesimal thickness. The secondary regions sometimes disappear completely, and for class I, the instability region in these cases terminates at some q> 0
.4
(compare with Crawford, et al., 1981 , for infinite water depth). by ei (the range 0 < < 0.7 is covered).
The isolines in Figs. 3 and 4 were drawn using interpolation and are based on about forty computed data points, almost equally distributed over the figure domain. Figure 3c is a plot of am, = max(a I , o1) isolines. Note that for the region confined by the broken lines o > a, (sometimes by a factor of three), whereas the opposite is true in the outside region. For the case where a s o I , p) is in the range l.05-1.30 and q, = 0 which implies that the most unstable mode is two dimensional.
Fig. 4 about here please
The results for Class II are given in Fig. 4 . Note for this case pII is always 0.5. Figure 4a gives the values of q 1 I, and li is shown in Fig. 4b . For the domain above the dashed line in Fig. 4b , aI > a" which indicates that for this region Class II instabilities may become dominant.
The question whether the disturbances related to the highest value of a will dominate the physical process remains open, and awaits additional evidence. The authors hope that their current study of the long time evolution of Class I and Class II instabilities will throw some light on this and on other relevant aspects of these important processes.
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